A family H μ p , μ > 0, p ∈ T 2 of the Friedrichs models with the perturbation of rank one, associated to a system of two particles, moving on the two-dimensional lattice Z 2 is considered. The existence or absence of the unique eigenvalue of the operator H μ p lying below threshold depending on the values of μ > 0 and p ∈ U δ 0 ⊂ T 2 is proved. The analyticity of corresponding eigenfunction is shown.
Introduction
In celebrated work 1 of Simon and Klaus it has been considered a family of the Schrödinger operators H −Δ μV and, a situation where as μ tends to μ 0 some eigenvalue e i μ tends to 0, that is, as μ ↓ μ 0 an eigenvalue is absorbed into continuous spectrum, and conversely, for any μ : μ > μ 0 continuous spectrum gives birth to a new eigenvalue. This phenomenon in 1 is called coupling constant threshold.
In 2 the Hamiltonian of a system of two identical quantum mechanical particles bosons moving on the d-dimensional lattice Z d , d ≥ 3 and interacting via zero-range repulsive pair potentials has been considered. For the associated two-particle Schrödinger operator H μ k , k ∈ T d −π, π d the existence of coupling constant threshold μ 0 μ 0 k > 0 has been proved: the operator has none eigenvalue for any 0 < μ ≤ μ 0 , but for each μ > μ 0 it has a unique eigenvalue z μ, k above the upper threshold of the spectrum.
Note that in 1 the existence of a coupling constant threshold has been assumed, at the same time in 2 the coupling constant threshold has been definitely found by the given data of the Hamiltonian.
We remark that for the Hamiltonians of a system of two arbitrary particles moving on In 3 for a wide class of the two-particle Schrödinger operators
, k being the two-particle quasimomentum, it has been proved that if the following two assumptions i and ii are satisfied, then for all k / 0, the discrete spectrum of H μ k below its threshold is nonempty. The assumptions are i the two-particle Schrödinger operator H μ 0 , corresponding to the zero value of the quasimomentum k, has a coupling constant threshold μ 0 0 > 0 and ii the one-particle free Hamiltonians in the coordinate representation generate positivity preserving semigroups.
In 4 a family of the Friedrichs models H μ p , μ > 0, p ∈ −π, π 3 with perturbation of rank one associated to a system of two particles on the three-dimensional lattice Z 3 has been considered. In some special case of the multiplication operator and under the assumption that the operator H μ 0 , 0 ∈ T 3 has a coupling constant threshold μ 0 0 > 0, the existence of a unique eigenvalue, below the threshold of the spectrum of H μ 0 0 p , p ∈ −π, π 3 for all nontrivial values of p ∈ T 3 , has been proved. In the present paper, a family of the Friedrichs models H μ p , μ > 0, p ∈ U δ 0 ⊂ T 2 , where U δ 0 is a δ-neighborhood of the point p 0 ∈ T 2 with perturbation of rank one associated to a system of two particles on the two-dimensional lattice Z 2 interacting via pair local potentials, is considered and the following results have been obtained.
i If the parameters of the Friedrichs model satisfy some conditions see Theorem 2.3 , then there exists a coupling constant threshold μ 0 μ 0 p > 0 : for any 0 < μ ≤ μ 0 p the operator has none eigenvalue; at the same time for any μ > μ 0 p it has a unique eigenvalue z μ, p , lying below its threshold of the spectrum. Moreover an explicit expression for the corresponding eigenfunction is found and its analyticity is proven.
ii If the parameters of the Friedrichs model do not satisfy conditions mentioned in i , then the operator has none positive coupling constant threshold, that is, for any μ > 0 the operator H μ p has a unique eigenvalue z μ, p , lying below its threshold of the spectrum.
iii A criterion for being the threshold m p , p ∈ U δ 0 of the spectrum of H μ p a virtual level of the operator H μ p is proven.
Note that the generalized Friedrichs models appear in the problems of quantum mechanics 5 , solid state physics 6 , and quantum field theory 7, 8 and the existence of its eigenvalues and resonances have been studied in 9, 10 .
In 11 a special family of generalized Friedrichs models has been considered and the existence of eigenvalues for some values of quasimomentum p ∈ T d of the system, lying in a neighborhood of some p 0 ∈ T d , has been proved.
By Assumption 2.1 there exist such δ-neighborhood U δ 0 ⊂ T 2 of the point p 0 ∈ T 2 and analytic vector function q 0 : U δ 0 → T 2 that for any p ∈ U δ 0 the point
Moreover, in the case ϕ q 0 p 0, p ∈ U δ 0 the following integral
exists see Lemma 3.4 and we introduce a parameter μ p as
If ϕ q 0 p / 0, p ∈ U δ 0 , then we define μ p as μ p 0. In the following theorem we assert that for any μ > μ p there exists a unique eigenvalue E μ, p , lying below the essential spectrum, of the operator H μ p , p ∈ U δ 0 , but for 0 < μ ≤ μ p , p ∈ U δ 0 the operator H μ p has none eigenvalue outside the essential spectrum. It is proved that for fixed p ∈ U δ 0 , the function E ·, p is analytic in μ p , ∞ .
Definition 2.2. The number z m p is called a virtual level of the operator H μ p , if the equation
Moreover, this theorem provides a criterion, for being the bottom m p , p ∈ U δ 0 of the essential spectrum of H μ p , a virtual level of the operator H μ p . 
is analytic on T 2 , where C / 0 is a normalizing constant. Moreover, the mappings 
where C / 0 is a normalizing constant. 
Proof of the Results
We postpone the proof of the theorem after several lemmas and remarks.
For any μ > 0 and p ∈ T 2 we define in C \ m p ; M p an analytic function Δ μ, p; · the Fredholm determinant Δ μ, p; · , associated to the operator H μ p as
where 
Hence for any p ∈ U δ 0 the point q 0 p is a unique non degenerated minimum of the function w p · .
Remark 3.3.
We note that by the parametrical Morse lemma for any p ∈ U δ 0 there exists a map s ψ y, p of the sphere W γ 0 ⊂ R 2 with radius γ > 0 and center at y 0 to a neighborhood U q 0 p of the point q 0 p that in U q 0 p the function w p ψ y, p can be represented as
Here the function ψ y, · resp., ψ ·, p is analytic in U δ 0 resp., W γ 0 and ψ 0, p q 0 p . Moreover, the Jacobian J ψ y, p of the mapping s ψ y, p is analytic in W γ 0 and positive, that is J ψ y, p > 0 for all p ∈ U δ 0 and for all y ∈ W γ 0 . where J ψ y, p is the Jacobian of the mapping ψ y, p . Passing to spherical coordinates as y rν, we obtain
Lemma 3.4. Let Assumption 2.1 holds. Then the integral ξ p
where Ω 2 is a unit sphere in R 2 and dν its element. Inner integral can be represented as 
and, consequently,
where ξ 2 p ξ 2 p, m p . Observe that the functions in the right hand side of 3.17 are analytic in p ∈ U δ 0 . So, the function ξ p is analytic in p ∈ U δ 0 .
Proposition 3.5. For ζ < 0 the following equalities hold:
where ln −ζ is real for ζ < 0 and I n ζ is an analytic function in a neighborhood of the origin [14] .
In the following lemma we establish an expansion of Δ μ, p; z in a half neighborhood m p − ε, m p of the point z m p . 
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where α n p , c n p , n 0, 1, 2, . . . are real numbers.
Proof. The function Ω p; · can be written as a sum of the following functions:
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and U q 0 p is a neighborhood of the point q 0 p , p ∈ U δ 0 . Since min q∈T 2 w p q w p q 0 p for any p ∈ U δ 0 , the function I 2 p, z is analytic at z m p . According to Lemma 3.4 the function I 3 p, m p is analytic in U δ 0 .
A change of variables s ψ y, p in the integral I 1 p, z yields
Passing to spherical coordinates by y rν we obtain
and hence
where Ω 2 is unit sphere in R 2 . Since
where α n p , n 0, 1, . . . are the Pizetti coefficients, we get
where α 0 p J q 0 p . Using Proposition 3.5 we have 
Proof. We consider the following integral:
F s ds
where F · is a continuous function on T 2 and k ∈ N. By Lemma 3.2 for any p ∈ U δ 0 the function w p · has a unique non degenerated minimum at0 p . Then there exist a neighborhood U q 0 p ⊂ T 2 of the point0 p and positive number c p > 0 that
We represent the function I · as a sum of two functions: 1. By condition of part i of this lemma and from equality 3.36 it follows that 3.35 has the following form:
Since the function G p, · is continuous in 0, γ , we have
Now we show that if the conditions of part i of Lemma 3.7 are not satisfied, that is, ϕ q 0 p / 0 or ∇ϕ q 0 p / 0, then the function defined by 3.28 does not belong to L 2 T 2 . Let ϕ q 0 p 0 and ∇ϕ q 0 p / 0. We will show that
Assume the converse, let 
